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Abstract— We study the problem of controlling how a limited
communication bandwidth budget is allocated across hetero-
geneously quantized sensor measurements. The performance
criterion is the trace of the error covariance matrix of the
linear minimum mean square error (LMMSE) state estimator,
i.e., an A-optimal design criterion. Minimizing this criterion
with a bit budget constraint yields a nonconvex optimization
problem. We derive a formula that reduces each evaluation of
the gradient to a single Cholesky factorization. This enables
efficient optimization by both a projection-free Frank—Wolfe
method (with a computable convergence certificate) and an
interior point method with L-BFGS Hessian approximation
over the problem’s continuous relaxation. A largest remainder
rounding procedure recovers integer bit allocations with a bound
on the quality of the rounded solution. Numerical experiments
in IEEE power grid test cases with up to 300 buses compare
both solvers and demonstrate that the analytic gradient is the
key computational enabler for both methods. Additionally, the
heterogeneous bit allocation is compared to standard uniform
bit allocation on the 500 bus IEEE power grid test case.

I. INTRODUCTION

Analog-to-digital quantization methods improve computa-
tional and communication efficiency by mapping continuous
measurements to discrete intervals [1]. While coarse quanti-
zation accelerates computations [2], it introduces nonlinear,
typically non-Gaussian, measurement noise [3], [4], which
contrasts with the additive Gaussian noise assumptions that
are frequently used for analyzing state estimation algorithms.

At the same time, sensing technologies are increasingly
widespread in modern engineering practice. For example, ad-
vanced metering infrastructure (AMI) has become widespread
in electric power distribution infrastructure, where variable
precision sensing has emerged as a promising operational
paradigm for communication-constrained sensing. To address
these challenges, we cast heterogeneous quantizer bit alloca-
tion under a global bandwidth budget as an A-optimal design
problem for linear minimum mean square error (LMMSE)
estimation—i.e., minimizing the trace of the covariance matrix
of the error of the LMMSE estimator. The resource allocation
acts on measurement precisions and induces a nonconvex
optimization problem that falls outside the scope of existing
sensor selection methods.

a) Related Work: There are a number of related works.
In [5], the discrete sensor placement problem was studied
under a D-optimal criterion; the relaxed problem is solved
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without guarantees of optimality. Budget-constrained D-
optimal design was recently studied in [6]. Similarly, [7]
applied sensor placement for water networks; they focus on
a class of objective functions that possess other structured
properties, such as submodularity (this property is useful
to prove theoretical guarantees of greedy based algorithms).
While A-optimal design does not have (super)modularity
in general, recent research in [8] showed that A-optimal
design enjoys approximate supermodularity. Combinatorial
approximation algorithms for A-optimal design have also
been developed [9], [10]. Frank—Wolfe algorithms [11] for
the classical A-optimal design problem were analyzed in [12],
where the information matrix is linear in the design weights
and the problem is convex. The exponential mapping between
sensor bitrate and precision in our formulation breaks this
linearity and introduces nonconvexity, requiring a different
convergence analysis. The work of [13] is also related and
shows that the dual of a very similar problem to our own is
convex; an earlier paper from the same group [14] proposes a
greedy bit assignment heuristic. This line of inquiry enables
valuable insights on the energy savings obtained by a chosen
bit allocation policy.

Another component of this work is the incorporation of
the effects of quantization and communication bandwidth
in state estimation. Quantization has a significant effect
on the accuracy of state estimation in scenarios limited by
bandwidth. In communication-constrained settings—such as
remote monitoring over low-bandwidth links or large-scale
sensor networks with shared communication channels—the
number of bits allocated to each measurement directly
determines the quantization noise variance and, consequently,
the estimation quality. This connects to the classical theory
of optimal experimental design [15], where measurement
resources are allocated to minimize estimation error.

Quantized estimation has been addressed in the Kalman
filtering [16], [17], sensor network placement [18], and topol-
ogy learning [19] settings. In power systems, the literature
on state estimation has also focused on the importance of
heterogeneous data sources, communication constraints, and
measurement quality for large scale networks [20].

b) Contributions: In this paper, we study optimal bit
allocation for LMMSE state estimation under a global
communication budget. We formulate the problem as a
nonconvex A-optimal design problem with the following
contributions:

1) We present two algorithms: i.) A first-order Frank—
Wolfe algorithm with a closed-form linear minimization
oracle (Proposition 3), and show that the minimum
Frank—Wolfe gap over iterates converges to zero at
rate O(1/+/T) (Theorem 1), providing a computable
convergence certificate. ii.) A second-order interior



point algorithm. We derive a closed-form gradient for
both FW and the interior point method to reduce each
evaluation to a single Cholesky factorization of the
information matrix. Further, the interior point method
is accelerated with a L-BFGS Hessian approximation
and converges in very few iterations.

2) We introduce a solver-agnostic largest remainder round-
ing procedure (Algorithm 2) that maps continuous
relaxations to integer allocations that are guaranteed to
be feasible and have bounded solution quality gap.

3) We evaluate the speed and solution quality of the algo-
rithms in the practical setting of experimental design for
power network state estimation within different regimes
(“sensor rich” and limited bandwidth). We also validate
the problem formulation of heterogeneous bit allocation
to a standard uniform bit allocation, achieving up to
53% improvement in the limited bandwidth regime.

The remainder of the paper is organized as follows.

Section II introduces the measurement model, the LMMSE
estimator, and the resulting bit-allocation problem under
a global communication budget. Section III presents the
proposed solution methods for the relaxed problem, includ-
ing the analytic gradient, the Frank—Wolfe algorithm and
its convergence guarantee, and an interior point approach.
Section IV describes the rounding procedure used to recover
integer bit allocations from relaxed solutions along with
guarantees. Section V reports numerical experiments on IEEE
power system test cases, comparing solver performance and
evaluating the benefits of heterogeneous allocation relative to
uniform allocation. Finally, Section VI concludes the paper
and outlines directions for future work.

II. PROBLEM FORMULATION
A. Measurement Model and Estimation

Given a fixed sensing matrix H € R™*¢ whose rows
are {hlT m |, where each h; € R%, corresponding to m linear
projections of an unknown state vector & € R?, we consider
heterogeneously quantized measurements with quantization
bin widths {A;}7,. We assume throughout that h; # O for
all 4, i.e., every sensor observes a nontrivial linear combination
of the state.

Each quantized measurement 7 is generated from a uni-
formly dithered quantization function Q; : R — R (see [1],
[4]) with bin width A; > 0 such that

Qi((hi, @) = A; - ({WJ + ;) , ()

where 7; ~ Uniform(fAZi, A21- ), and E;, [Q;((h;,z)) | hi] =
(h;,x), ie., Q;((h;,x)) is conditionally unbiased. The
independent dither 7; is noise purposely applied prior to
quantization; see [1], [21]. The quantization error is well

approximated by the additive model
y=Hx+z, 2)

where E [zz7] = & diag(A?,...,A2). Set d; := A?/12
and D := diag(ds,...,d,,). Suppose x is zero-mean with

prior covariance C,, > 0. The LMMSE state estimator is

&= C,H" (HCmHT + D>_1y, 3)
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Fig. 1. Bit allocation on a sensor network. Each node i receives b; bits
(W =1Dbit) subject to budget < B. Inset: 2-bit quantization maps an
analog measurement to 2% =4 discrete levels.

with error covariance
-1
C. = (HTD‘lH + C’;l) . )

Quantization error is generally signal-dependent, so an
additive noise model can be inaccurate, especially at coarse
resolutions [1]. Our use of uniformly dithered quantizers
in (1) is intended to mitigate this dependence and justify the
covariance model [21]. Accordingly, the optimization problem
below should be interpreted as the A-optimal design problem
induced by this dithered additive noise LMMSE model.

B. Bandwidth Allocation Problem

We allocate a limited number of quantization bits across m
channels to minimize the MSE. For a b;-bit uniform quantizer
with dynamic range R;,

R; R?
A =2 di=—t— s=d =k 4%, (5
2b; g 12 . 4bi’ P i K NG)
where r; := 12/R?. Allocating more bits to channel i

increases its precision exponentially. The integer program is

in  tr(C.(b t. 1'b< B. 6
b@%&z r( s( )) s - ( )
The standard continuous relaxation replaces Z7' by R'".

Define B:={b€R7: 17b < B} and write
M(b) := C,' + H' diag(p(b))H, C.(b):= M(b)~L.

(N
The relaxed problem is
min F(b) :=tr(C.(b)). ®

The feasible set B is compact and convex, but F' is
generally nonconvex in the bit variables due to the exponential
reparameterization p; = ;4%. Introducing the auxiliary
function f(p) := tr((C5* + H ' diag(p)H)™") in precision
variables, we have F'(b) = f(p(b)). While f is convex in p,
the chain rule yields

V2F(b) = (In4)*|diag(p) V2 (p) diag(p)
+ diag(p © Vf(p))],

where the second term is negative semidefinite (since Vf < 0
componentwise), so convexity does not transfer from p to b.

©))



Remark (Convexity in precision space). Although F(b)
is nonconvex in the bit variables, the function f(p) =
tr((C," + H' diag(p)H)™') is convex in the precision
variables p. However, the budget constraint 1 < B
becomes Y., log,(p;/k;) < B in p-space, which is not
convex (it is the sublevel set of a concave function). Thus,
the b-space formulation trades a nonconvex objective for
a convex (polyhedral) feasible set, which is precisely what
enables the Frank—Wolfe method with a closed-form linear
minimization oracle. This tradeoff is complementary to the
dual formulation of [13], which achieves a convex objective
at the cost of a more complex constraint geometry.

Lemma 1 (Gradient with respect to bits). For each measure-

menti=1,...,m,
0% (b) = ~(n4) pi(B) B CelbPhi (10)
Equivalently, Z
VE(®B) = —(n4) pb) © [h] C.(b)hs] " . an

In particular, OF/0b; < 0 whenever h; # 0. Each
gradient evaluation reduces to a single Cholesky factorization
of M(b): the diagonal entries h; C*h; are extracted
column-by-column from C.H T without forming the full
m x m product, at cost O(d*m) dominated by the O(d®)
factorization when m = O(d).

Proof: Define
A(p) = C,' + H' diag(p)H, Cc(p)=A(p)~"

Since 0A/dp; = HTeieZ-TH =
identity for matrix inverses gives

oc.  _, 0A

h:;h;, the derivative

= -C.=—C.=—-C.h;h]C..
o C apiC (&) ; C
Taking traces,
af 0C, = T
— =t = —tr(C:h;h; C.) = —h,; CZh,.
o ( p; ) r{  Ce) ‘

Since C. > 0, the quadratic form hiTCghl- is nonnegative.
Now F(b) = f(p(b)) with p;(b) = k;4%, so by chain rule
OF _ 0f Opi T 2
_ 91 9% _(_pTeb hz)-l4 (b),
5 = 9 o5 = (1 Ce(®)’hi) - (ind)pi(b)
which yields (10). The vector form (11) follows by stacking.
If h; # 0, then h; C.(b)2h; > 0 because C.(b) > 0, so
the derivative is strictly negative. [ ]

Proposition 1 (Budget saturation). If h; # 0 for all i and
b* minimizes (8), then 1Tb* = B.

Proof- Suppose for contradiction that 1T b* < B. Then
there exists at least one index 7 such that b* +te; € B for all
sufficiently small ¢ > 0. By Lemma 1, 9F/0b;(b*) < 0, so
increasing b; decreases the objective, contradicting optimality
of b*. [ |

Proposition 2 (Lipschitz continuity of the gradient). The
function F is C* on R™, and VF is L-Lipschitz on B with

L= (In4)*|[Cqgll2 (2m +1). (12)

Proof: Recall that F(b) = f(p(b)) and p;(b) = ;4%
where

flp) = tr((C;1 +H' diag(p)H)_l).

Since each coordinate map b + p;(b) = x;4% is smooth and
strictly positive on R™, and matrix inversion is smooth on
the positive definite cone, F' is C* on R™. Since C(b) > 0
for all b, and C.(b) < C, implies ||Cc(b)|2 < [|Cx]2-

From Lemma 1, g—;(p) = —h, C?h,. Differentiating once
more with respect to p; gives
O*f

(p) =2 tr(Cch;h{ Cchjh[C:).  (13)

dp;0pi
Fix i, and write A; := C" + Y, pehwhy, > 0. By the

Sherman—Morrison—Woodbury identity,
pi A7 hih] AT
1+ pih] A7 R

C.=A;"—

Hence, with h;-rA; 1hi > 0, we obtain
hi A7 'h;

hC.h, — i
T 14 pih) AR,

IN

1
pi
Therefore
pih; Cch; < 1. (14)
Since C. = 0 and ||C¢||2 < ||Cg|l2, we have
Cg = ||C€HQCs = HCmHZCs~

Thus h; C2h; < ||Cy|l2 b Cch;. Using (14),

0
" % — pih] C2h; < ||Culla pi ] Cehi < | Calla
Therefore of
i |l=——| < [|Cgzll2. 15
w52 < icae a3
From (13),
d*f T T ~2
=2(h;, C.h;)(h; CZh;).
8p78pz ( ’LC ])( 1C€ J)

Since C¢ = 0, the Cauchy—Schwarz inequality in the C-
inner product yields

KT Cuhy| < (] Cohi) /> (KT Cuby)/? < — 1
| 7 J|—( 7 ) ( 7 ]) — \/m

where the last step uses (14). Since C2 < ||Cy||2Cl.
1/2 1/2
[h C2hy| < (h] C2h:)"* (h] C2hy)"

< [Coll2(h] Ceh)? (W] Cohy)'?

Combining the two bounds,
o
dp;0p;

< Gl

PiPj




and therefore

0% f
ipi | ——| < 2||CLlls. 16
From the chain rule with J;; denoting the Kronecker delta,
0*F af 0% f
Using (15) and (16),
0’F
< (In4)%[s,;||C 2(1Cxl2].
.55, | < ("9l Calz + 2Call2]
Hence, for each fixed 1,
| 0*F

av,a6,| < (N Y ;[%IICmHz +2]Call2]

= (In4)?||Cyll2 (2m 4+ 1) =: L.
Thus [V2E(D)]|2 < [[V2E(b)]lec < (IN4)?[|Cll2 (2m + 1)

for all b € B. Since the Hessian is uniformly bounded on
the convex set 3, the mean value theorem implies that VF

is L-Lipschitz continuous on B. ]

III. BIT ALLOCATION PROCEDURE

We solve the relaxed problem (8) using the Frank—Wolfe
(FW) method [11]; see [22], [23] for introductions. Unlike the
convex setting of [12], our objective is nonconvex in b, so we
apply the nonconvex FW analysis of [24]. FW is well suited
because the feasible set is compact and convex, the objective
is smooth, and the linear minimization oracle (LMO) admits
a closed-form solution.

A. Gradient and Linear Minimization Oracle

Given a feasible iterate b € B, the FW linear minimization
oracle solves

s(b) € argengin (VF(b),s).

The FW direction is d(b) := s(b) — b, and the FW gap is
gew(b) = max (b — 5, V(b)) = — (d(b), VF(b)) . (19)

(18)

As usual, grw(b) > 0, with equality if and only if b is a
first-order stationary point.

Proposition 3 (Closed-form LMO). Let g := VF(b) € R™.
Then an optimal solution of (18) is

* Bei*,
S =
0,

Under the standing assumption h; # 0 for all i (so g < 0
by Lemma 1), this simplifies to

i* € arg min[VF(b)];.

1<i<m

if min; g; <0 and ©* € arg min; g;,

: . (20)
if g; > 0 for all 1.

s* = Be;x, (21)

Proof: The feasible set B is a polytope with extreme
points O, Bey, ..., Be,,. Since s — (g, s) is linear, an
optimum is attained at a vertex. Evaluating gives (g,0) =0
and (g, Be;) = Byg;, so the minimum is min{0, B min; g; },
yielding (20). Simplification (21) follows from Lemma 1. B

1
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Fig. 2. Frank-Wolfe iteration on the budget simplex B for m = 3. The
LMO selects vertex s(t); the next iterate lies on [b“), s(V)] with step ;.

Corollary 3.1 (Explicit Frank—Wolfe gap). Under the as-
sumption h; # 0 for all i,

grw (b) = (b, VF(b)) — B min [VF(b));.

1<i<m

Proof: By definition of FW gap in (19), grw(b) =
(b—s(b), VF (b)) where s(b) € arg min g (VF(b),s).
Since VF'(b) < 0 componentwise by Lemma 1, Proposition 3
gives s(b) = Be;» with * € arg min;[VF(b)];. Hence
grw (b) = (b, VF(b)) — Bmin;[VF(b)];. ]
B. Convergence Guarantee

Starting from b ¢ B, the FW method generates

s € arg min <VF(b(t)), s>, d® = s _ p®)
seB

and updates plt+Y) — (1- ”yt)b(t) + 7,5 with step size

- gew (")
Y+ = min {2_[/_32’ 153.

Since B is convex, every iterate remains feasible. The step
size (22) uses diam(B) = /2B by property of simplices.

(22)

Theorem 1 (FW convergence for relaxed bit allocation [24]).
Assume h; # 0 for all i, and let {b(t)}tzo be generated
by (22) starting from any b e B. Define hg := F(b(o)) —
mingeg F'(b). Then

2
) 0y < max{2hg, 2LB*}
Oglt'ngFW(b ) < VT +1 :

To achieve gew (b)) < ¢, it suffices to perform T +1 >
max{2hg, 2LB%}2 /<2 iterations.

(23)

Proof: By Proposition 2, F' is continuously differentiable
on R™ with L-Lipschitz gradient on the compact convex set
B. The FW curvature constant C'r over B3 satisfies

Cr < Ldiam(B)? = 2LB?,

where diam(B) = /2B follows from the vertex structure.

Applying [24, Theorem 1] with C := 2LB? gives

max{2h0, O} N max{2h0, 2LBZ}
vT+1 VvT+1 7

which is (23). Rearranging yields the iteration complexity. B

i ®)y <
orgntlgnTgFW(b ) <



Input: H, C., &, B, L, €, Trax
Output: feasible b® € B

b o0

for t =0,1,...,Tmax do
PLONECVLY
Aﬂ0+-C;%+H¢dmgp“
c (M® )7

g« —(In4) p® © d|ag(H(C(f))2HT)
iv = arg miny ;< [9"]

s « Be;,
%E«yw,gqgm>
if g; < & then return b("

gt 1}
2LB2’

B (12 7,)b 4 4,8

))H

Ve — min{

end
return b(Tmax+1)
Algorithm 1: Frank—Wolfe for relaxed bit allocation

Remark. Theorem 1 guarantees convergence to a first-order
stationary point at rate O(¢~2). The stationarity measure is
the computable FW gap, obtained at no extra cost once the
LMO is solved.

Remark (Adaptive step size). In practice, the global bound L
can be conservative. One may replace the step size in
Algorithm 1 with an adaptive Lipschitz search: initialize
LO = 1; at each iteration, halve L then double until
F(b+ '}/f,d(t)) < F(b®) — v.gpw () /2, capping at L.
Since ﬁt < L, Theorem 1 still applies.

C. Interior Point Method with Analytic Gradient

The gradient formula from Lemma | can also be
supplied to general purpose nonlinear programming
solvers. We use the interior point solver Ipopt [25] via
JuMP [26] with the option hessian_approximation =
“limited-memory”, which activates an L-BFGS Hessian
approximation. Ipopt replaces the constrained problem (8)
with a sequence of log-barrier subproblems

—uZInb —uln

where 1 > 0 is driven to zero. Each subproblem is solved
by a damped Newton method on the primal-dual KKT
system. Since the constraint structure is simple (m bound
constraints plus one linear budget constraint), the KKT system
is inexpensive to solve once the gradient is available.

The Hessian V2 F(b) is costly to compute exactly. Instead,
we use the limited-memory BFGS (L-BFGS) approximation,
which maintains a low-rank estimate from recent gradient
differences. With L-BFGS, each iteration requires only the
gradient VF(b) from Lemma 1—the same O(d?) Cholesky
factorization used by Frank—Wolfe—plus O(m) work for the
L-BFGS update and KKT solve.

Remark (Comparison of per-iteration costs). Both Frank—
Wolfe and the interior point method are bottlenecked by the
same O(d®) Cholesky factorization for the gradient. FW adds
an O(m) LMO step, whereas Ipopt adds an O(m) KKT
solve. The key difference is iteration count; while FW and

m|n F(b 1Tb),

Input: continuous solution beBwith1'b=
Output: integral be 77 with 1"6=8B

b «— [b]
r+< b—|b|
Riem < B —
b+ b
find a set S C{1,...

S € arg max Zn

TC{1,...,m}
’ ) /LET
|T|=Rrem

1@

,m} with |S| = Rrem such that

(i.e., S indexes the Ryem largest components of r)
foreach i € S do

‘ b+ b;+1
end

return b
Algorithm 2: Largest remainder rounding procedure

interior point methods both globally converge sublinearly at
rate O(1/+/T), IPMs also exhibit local superlinear conver-
gence, typically requiring 20-50 iterations. FW provides a
computable convergence certificate (the FW gap), while Ipopt
reports KKT residuals.

IV. ROUNDING PROCEDURE

_ The relaxed problem (8) returns a continuous solution
b € B, whereas the original problem (6) requires b € Z.
We compute

=b- LbJ € [07 1)m Riem = ]-Tra

where |-| is computed componentwise. Since 1" b = B by
Proposition 1 and 1" |b| € Z,, the residual budget is an
integer satisfying 0 < Ry, <m — 1.

Similarly to the Quota Method for apportionment [27]
and the rounding procedures for approximate experimental
designs [28], we use largest remainder rounding to round up
the Ry largest components of r and round the rest down.
Equivalently,

£ € arg max (r,£), b:= |b| + €.
gef{o,1}m
17€=Riem

(24)

Proposition 4 (Feasibility and nearest point property of largest
remainder rounding [27]). Let beB satisfy 1"6 =B, and
define r = b— |b| and Rycn, = 1" 7. Then b defined by (24)
belongs to 7, satisfies 17 = B, and solves

bearg min|b—b|2 st £€{0,1}™, 1€ = Ryem. (25)
bezT,
b=|b]+¢
Moreover,

(1=r). (26)

<3

Proof: By construction, £ € {0,1}™ and 17¢€ = Riems
s0b= |b] + & €Z7 and
176 =

]'T UBJ + 1T€ = (B - Rrem) + Rrem =B.



Now let l}z |b| + & with € € {0,1}™ and 1" € = Ryem.

Since b = |b] + 7, we obtain

1 =Bl = (1€ — I3 = I3 + €13 — 2 (r,&).

Because & € {0,1}™ with 17¢ = Ryem, we have ||€]j3 =
Rem. Hence

b= BIIZ = [I7[l3 + Rrem — 2 (r,€) .

Therefore minimizing ||b—b||2 over all feasible £ is equivalent
to maximizing (r, &), which proves (25).

For (26), note that » € [0,1]™ and 177 = Ryem, s0 7 is
feasible for the continuous relaxation of the maximization
problem in (24). Hence (7, &) > (r,r) = ||7||3. Substituting
into the norm identity above gives

16— b3 = [|7[|3 + Rrem — 2(r, &)
< Rrem — Hrll% = Zn(l —1i),
i=1
as claimed. |

Theorem 2 (Rounding gap for largest remainder rounding).

Assume h; # 0 for all i, and let b € B satisfy 1'b = B
Suppose b is a KKT point of the relaxed problem (8). Then
the largest remainder rounding b defined by (24) satisfies

Zm ).

F(b) < F(b) + Q7)

In particular,

. . L

F(b) < F(b) + 3 min { Ryem, m/4} . (28)
Proof: Since b, b Band B is convex, L-smoothness

of F' on B gives the following quadratic upper bound

. _ . L ~

F(b) < F(b) + <VF(b), b b> +516-53 @9

Letd:=b—b=¢—7r.Since 1€ =17 = Ry, we have

176 = 0. Let (A, ) be KKT multipliers for the constraints

1"b< Band b >0, so

VED) + Al —p=0, A>0, >0, ub; =0 Vi

If 7; > 0, then b; > 0, so complementary slackness gives
w; = 0. If r; =0, then §; = & — r; = 0 because largest
remainder rounding only rounds up coordinates with positive
fractional part. Therefore

I

(VE(b),6) =) (=X+p)0;

=1

——Aiéi:—uﬂs:o.

=1

Substituting into (29) and applying Proposition 4 yields

m

gzri(l —7i),

=1

F(b) < F(B) + £ b~ B3 < F(B) +

which proves (27). The simplified bound follows from 7;(1 —
r;) <r; and r;(1 —r;) < 1/4 for each . ]

Remark. The bound in Theorem 2 requires KKT stationarity
of the relaxed solution, which is satisfied by interior point
solutions. Frank—Wolfe only guarantees a small FW gap,
so the bound applies approximately. In practice, the bound
depending on the global Lipschitz constant can be loose;
some future work would be to tighten this bound using local
Lipschitz constant or specific structural properties of a given
problem’s sensing matrix such as sparsity.

V. NUMERICAL EXPERIMENTS

We evaluate the proposed Frank—Wolfe algorithm (Algo-
rithm 1) and compare it against an interior point method
(Ipopt) with analytic gradient and L-BFGS Hessian approx-
imation. Both methods use the gradient computation from
Lemma 1. All experiments were conducted on an AMD
Ryzen 5 7600X3D (6 cores, 4.1 GHz) with 48 GB RAM
using Julia 1.12.

A. Comparison of Solver Computation Time

a) Solver Configuration: The proposed method uses the
FW algorithm with the short step rule (22), which computes
the step size as , = min{g;/(2LB?), 1} using the analytic
Lipschitz constant L = (In4)?||C||2(2m + 1). The solver
runs for at most 500 iterations with a duality gap tolerance
of 1075 and a 600s wall-clock time limit. Each iteration
requires one Cholesky factorization of the d x d information
matrix M (b) via LAPACK, and the information matrix is
assembled using a BLAS symmetric rank-k update.

The interior point baseline uses Ipopt [25] via JuMP [26]
with the analytic gradient from Lemma 1 and L-BFGS Hessian
approximation, initialized at b = (B/m)1 with a 600s time
limit. Each Ipopt iteration requires the same O(d®) Cholesky
factorization as FW. After the continuous solve, both methods
apply the same largest remainder rounding procedure from
Algorithm 2 to obtain integer bit allocations.

b) Test Cases: We use 11 power grid test cases from the
PGLib-OPF benchmark library [29]. The sensing matrix H
is the grounded bus susceptance matrix from DC power flow
with the slack bus removed to ensure positive definiteness.
State dimensions range from d = 13 (casel4) to d = 299
(case300), with m = d measurements corresponding to power
injections at all non slack buses. For each test case, we
generate 30 independent problem instances by randomizing
the channel precision constants x; ~ Uniform(0.8,1.2), ¢ =
1,...,m. The bit budget is set to B = 2m (2 bits per sensor).
The prior covariance is Cp = I.

Table I summarizes solve times across the 30 randomized
instances for each test case. Both methods are bottlenecked
by one LAPACK Cholesky factorization of the information
matrix M (b) per iteration, with the gradient extracted via
[HC?H "];; without forming the full m x m product. The
FW LMO adds only O(m) work per iteration via (20); the
interior point KKT solve is similarly O(m) with L-BFGS.
The speed difference is determined by iteration count; the
interior point method converges in 20-50 iterations, while
FW often used most of the max 500 iterations. Across all
instances where both solvers converged, FW and Ipopt+V
returned similar objective values up to the solver tolerances.
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Fig. 3. Percentage improvement of the optimized heterogeneous bit allocation (8) over uniform allocation b =1 - |B/m| on the case500 test system

(m = 499 sensors). Each boxplot shows 30 randomized instances at the given budget level ¢ = B/m. Shaded columns denote integer values of c.

TABLE I
SOLVE TIME COMPARISON: STOCK IPOPT, FW, AND IPOPT + ANALYTIC
GRADIENT. MEAN = STD. DEV. OVER 30 TRIALS, 10 MIN. LIMIT.

Case m Ipopt (s) FW (s) Ipopt+V (s)
casel4 13 5.03£1.02 0.098 £ 0.0023 0.033 £ 0.14
case30 29 2.73+0.16 0.24 +£0.0093  0.014 £ 0.0010
case57 56 7.524+0.31 0.89 +0.030  0.022 4 0.0020
case73 72 12.1 +0.97 1.76 £ 0.090  0.026 + 0.0040
casel18 117 121.2 +12.6 7.64£0.22 0.052 £ 0.0040
casel62 161 252.9 £+ 26.1 27444+ 1.1 0.070 £ 0.0060
casel79 178 442.7 + 80.3 41.056+ 1.6 0.16 £ 0.032
casel97 196 > 600 (timeout) 50.67+1.5 0.16 + 0.020
case200 199 > 600 (timeout) 52.59 + 2.7 0.12 + 0.028
case240 239 > 600 (timeout) 77.824+2.4 0.11 £+ 0.056
case300 299 > 600 (timeout) 207.46 + 8.6 0.43 £+ 0.062

TABLE 11
MEDIAN EXPERIMENTAL ROUNDING QUALITY VS THEORETICAL BOUND
OVER 30 RANDOM INSTANCES AND B = 2m TOTAL BIT BUDGET.

Case m  F(b) — F(b) Rounding bound (27) Median ratio
casel4 13 1.92x 1072 7.26 x 101 2.62 x 104
case30 29 248 x 1072 2.52 x 102 9.98 x 10~5
case57 56 4.13 x 1072 1.00 x 103 4.06 x 10~°
case200 199  5.76 x 10~2 1.34 x 104 4.28 x 10~
case240 239  1.80 x 10—2 1.57 x 10*  1.15 x 106
case300 299  8.38 x 102 2.73 x 104 3.05 x 10~6

Sensor-to-state ratio m/d
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Table I therefore isolates runtime differences rather than
solution quality differences. .

Table II reports the median rounding gap F(b) — F(b)
and the theoretical bound from Theorem 2 across six IEEE
test cases, each evaluated over 30 random instances with
k; ~ Uniform(0.8,1.2). In particular, the ratio of the actual
gap to the bound ranges from 10~ (case14) to 106 (case240,
case300), indicating that the bound is highly conservative in
practice. This conservatism may stem from L being a global
worst-case Lipschitz constant, whereas a local Lipschitz
constant could give a tighter bound.

In Figure 4, we analyzed a “sensor rich” (m > d) regime

Fig. 4. Median solve time vs. sensor-to-state ratio m/d for d € {10, 20}
with B = 2d. Error bars show the IQR over 30 instances. Frank—Wolfe
scales linearly in m (for m >> d) with O(d®+d?m) per-iteration cost. Ipopt
fails to converge entirely beyond m/d ~ 200 (d=10) and 100 (d=20).

in which FW outperforms Ipopt with gradient acceleration in
computation time. We generate random Gaussian instances
with H € R™*4, 1, ~ 14(0.8,1.2), and bit budget B = 2d.
For each state dimension d € {10,20}, we sweep the sensor-
to-state ratio m/d from 5 to 1000 and solve 30 independent
instances per configuration using both Algorithm 1 and Ipopt
with analytic gradients and L-BFGS. Median solve times and
ranges are reported; red x markers indicate configurations
where Ipopt failed to converge on all 30 instances.

B. Comparison of Problem Formulations

We evaluate the benefit of solving (8) relative to the uniform
baseline b = 1 - |B/m] on the case500 power system
test case (m = d = 499) across per-sensor budgets ¢ =
B/m € [2,7]. For each budget level, 30 instances are
generated with quantization gains x; ~ Uniform(0.8,1.2),
and the continuous relaxation is solved with Ipopt+V method
followed by largest remainder rounding.

As shown in Figure 3, heterogeneous allocation yields
median improvements of approximately 47% at ¢ = 2,
rising to 53% at ¢ = 2.5 before settling near 50% and 45%



at ¢ = 2.75 and ¢ = 3, respectively, then declining to 31%
at ¢ = 4 and 14% at ¢ = 5, and falling to 3.4% at ¢ = 7
as abundant access to bandwidth levels the playing field.
The gains at integer ¢ remain large (e.g., 45% at ¢ = 3,
31% at ¢ = 4), confirming that the dominant source of
improvement is the optimizer’s ability to concentrate precision
on high information sensors rather than an artifact of baseline
rounding. These results demonstrate that heterogeneous
allocation is most valuable in the bandwidth-constrained
regime that motivates this work.

VI. CONCLUSIONS

We proposed an optimal bit allocation method for state
estimation with variable precision measurements. The method
reduces the MSE of a state estimator by controlling how a
limited number of bits are allocated to sensors.

a) Discussion: Two algorithms were proposed: a first-
order and second-order method to solve the corresponding
nonconvex optimization problem. The algorithms demon-
strated the ability to heterogeneously allocate a limited
bit budget across quantized measurements, significantly
reducing the A-optimal design criterion for the state estimator.
We derived a closed-form gradient formula that reduces
computing the gradient to a single Cholesky factorization.
We presented two methods that exploit this gradient: a Frank—
Wolfe method with a closed-form LMO and guaranteed
O(1/V/T) convergence rate guarantee in terms of the FW
gap, and an interior point method with L-BFGS Hessian
approximation. Numerical experiments on IEEE power grid
test cases show that the interior point method converges
in fewer iterations, as expected for a second-order method.
Additionally, the Frank—Wolfe method, being a first order
method compared to a second order interior point method, is
more memory efficient, allowing it to scale to large problems
where storing the L-BFGS Hessian itself becomes infeasible.

b) Future work: This work opens a wide array of future
directions. This includes adding stochastic trace estimation
for scaling to larger problem sizes, such as the classical
Hutchinson estimator or more modern approaches [30].
This paper has thus far considered only an offline state
estimation problem. Future work should extend these methods
to dynamic bit allocation in time-varying systems. Another
promising direction is the consideration of a broader class of
objectives that measure communication cost and performance
criteria complementary to the A-optimal design criterion.
Future work will consider general classes of convex com-
munication cost functionals, and applying decision-focused
learning (DFL) principles to optimize over the dynamic ranges
of the channels.
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